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IMAGE MILNOR NUMBER AND Ae-CODIMENSION FOR
MAPS BETWEEN WEIGHTED HOMOGENEOUS
IRREDUCIBLE CURVES
D. A. H. AMENT, J. J. NUN˜O-BALLESTEROS, J. N. TOMAZELLA
Abstract. Let (X, 0) ⊂ (Cn, 0) be an irreducible weighted homoge-
neous singularity curve and let f : (X, 0) → (C2, 0) be a map germ
finite, one-to-one and weighted homogeneous with the same weights of
(X, 0). We show that Ae-codim(X, f) = µI(f), where Ae-codim(X, f) is
the Ae-codimension, i.e., the minimum number of parameters in a versal
deformation and µI(f) is the image Milnor number, i.e., the number of
vanishing cycles in the image of a stabilisation of f .
1. Introduction
Let α : (C, S) → (C2, 0) be a map germ of finite Ae-codimension. D.
Mond shows in [4] that the image Milnor number of α, µI(α), is determined
by the number of branches r(X, 0) of the curve and the number δ(X, 0) of
nodes appearing in a stable perturbation of α:
µI(α) = δ(X, 0) − r(X, 0) + 1.
D. Mond also proves in [4] a relation between the image Milnor number
and the Ae-codimension.
Theorem 1.1 ([4]). Let α : (C, S) → (C2, 0) be a map germ of finite Ae-
codimension. Then,
Ae- codim(α) ≤ µI(α),
with equality if α is weighted homogeneous.
Inspired by the previous inequality, the first and second authors consider
in [1] map germs f : (X, 0) → (C2, 0), where (X, 0) is a plane curve. They
define the image Milnor number of f and obtain the similar inequality.
Theorem 1.2 ([1]). Let (X, 0) be a plane curve and let f : (X, 0)→ (C2, 0)
be a finite map germ of degree 1 onto its image (Y, 0). Then,
Ae- codim(X, f) ≤ µI(f),
with equality if and only if (Y, 0) is weighted homogeneous.
Furthermore, following the proof of this result, it is possible obtain an
equality,
Ae- codim(X, f) + µ(Y, 0) − τ(Y, 0) = µI(f).
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In this work, we consider map germs f : (X, 0)→ (C2, 0), where (X, 0) is
an isolated complete intersection singularity (ICIS) of dimension one, then
we can consider the Ae-codimension, Ae-codim(X, f), in the sense of [5].
On the other hand, we define the image Milnor number in this case as the
number of vanishing cycles in the image of a stable perturbation fs : Xs →
Bǫ, where Bǫ is a ball of radius ǫ centered at the origin in C
2. Here, stable
means that Xs is smooth and fs is stable in the usual sense. We show that
Ae-codim(X, f) = µI(f), if (X, 0) is irreducible and both (X, 0) and f are
weighted homogeneous (with the same weights).
Furthermore, if we consider (X, 0) parametrized by a map α : (C, 0) →
(Cn, 0), we have also the following equalities.
µI(f) = δ(X, 0) + µI(f ◦ α)
and
Ae- codim(f) = Ae- codim(f ◦ α)−
1
n− 1
Ae- codim(α)
2. Maps on singular varieties
In this section, we give the basic definitions we will use in the work. First,
we introduce some notations. We denote On the local ring of the analytic
functions germs f : (Cn, 0) → C, (X, 0) ⊂ (Cn, 0) is a germ of analytic
variety (possibly with singularities), I(X, 0) is the ideal of On of functions
vanishing on (X, 0), OX,0 = On/I(X, 0) is the local ring of (X, 0), Θn is the
On-module of the vector fields in (C
n, 0) and ΘX,0 is the OX,0-module of
vector fields tangents on (X, 0).
We refer to [5] for the general definition of Ae-codimension for analytic
map germs f : (X, 0) → (Cp, 0). The Ae-codimension is equal to
Ae- codim(f) = dimC
Θ(f)
tf(ΘX,0) + ωf(Θp)
,
where Θ(f) is the OX,0-module of vector fields along f , that is, holomorphic
germs ξ : (X, 0) → TCp such that π ◦ ξ = f (where π : TCp → Cp is the
canonical projection). The map tf : ΘX,0 → Θ(f) is the morphism of OX,0-
modules given by tf(ξ) = df ◦ ξ and ωf : Θp → Θ(f) is the morphism of
Op-modules given by ωf(η) = η ◦ f (where Θ(f) is considered as an Op-
module via f∗ : Op → OX,0). We can denote TAef = tf(ΘX,0) + ωf(Θp).
We say that f is A -finite if this codimension is finite. We say that f has
finite singularity type if
dimC
Θ(f)
tf(ΘX,0) + (f∗mp)Θp
<∞.
In the case that (X, 0) is an ICIS and f has finite singularity type, we
have the following important result due to Mond and Montaldi [5]:
Theorem 2.1. Let (X, 0) be an ICIS and assume f : (X, 0) → (Cp, 0)
has finite singularity type. The minimal number of parameters in a versal
unfolding of f is equal to the number
Ae- codim(X, f) := Ae- codim(f) + τ(X, 0),
where τ(X, 0) is the Tjurina number of (X, 0), that is, the minimal number
of parameters in a versal deformation of (X, 0).
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As a corollary of this theorem, we have the following consequences. The
second one is a generalization of the Mather-Gaffney criterion (see [9]).
Corollary 2.2. Let (X, 0) be an ICIS and assume f : (X, 0) → (Cp, 0) has
finite singularity type.
(1) f is stable if and only if X is smooth and f is stable in the usual
sense.
(2) f is A -finite if and only if f has isolated instability (i.e., there is
a representative f : X → Bǫ such that for any y ∈ Bǫ \ {0}, the
multigerm of f at f−1(y) ∩ S is stable).
Another consequence of the theorem is the existence of stabilizations,
at least in the range of Mather’s nice dimensions. Given an analytic map
germ f : (X, 0) → (Cp, 0), a stabilization is a 1-parameter unfolding F :
(X , 0) → (C × Cp) with the property that for all s 6= 0 small enough, the
map fs : Xs → Bǫ is stable, where Bǫ is a ball of radius ǫ in C
p. By Theorem
2.1, if f : (X, 0)→ (Cp, 0) is A -finite, a stabilization of f exists if (r, p) are
nice dimensions in the Mather’s sense (r = dim(X, 0)).
We will consider f : (X, 0) → (C2, 0), where (X, 0) ⊂ (Cn, 0) is a curve
ICIS. Observe that by Corollary 2.2, f is stable if and only if X is smooth
and f is an immersion with only transverse double points, called nodes. As
a consequence, f is A -finite if and only if f is finite and has degree one onto
its image.
3. Weighted homogeneous maps and varieties
We introduce the definition of weighted homogeneous for variety germs
and map germs. We fix positive integer numbers w1, · · · , wn such that
gdc(w1, · · · , wn) = 1. Given h ∈ On, we say that h is weighted homoge-
neous of type (w1, · · · , wn; d) if it satisfies
h(tw1x1, · · · , t
wnxn) = t
dh(x1, · · · , xn), ∀x ∈ C
n, ∀t ∈ C.
In this case, we call (w1, · · · , wn) the weights of h and d the weighted de-
gree of h. Let (X, 0) ⊂ (Cn, 0) be a variety germ, which is the zero set
of an ideal I ⊂ On, we say that (X, 0) is weighted homogeneous of type
(w1, · · · , wn; d1, · · · , dm) if I can be generated by weighted homogeneous
map germs φ1, · · · , φm where each φi is weighted homogeneous of type
(w1, · · · , wn, di), i = 1, · · · , n. Finally, let f : (X, 0) → (C
p, 0) be a map
germ, with (X, 0) ⊂ (Cn, 0) a weighted homogeneous variety germ of type
(w1, · · · , wn; d1, · · · , dm). We say that f is weighted homogeneous if f is
the restriction of a map germ f˜ = (f1, · · · , fp) : (C
n, 0) → (Cp, 0) where
each fj ∈ On is weighted homogeneous and we say that f is consistent with
(X, 0) if each fj is weighted homogeneous with the weights (w1, · · · , wn), we
observe that the weighted degree may be different.
It follows from [6] that if (X, 0) is a curve ICIS weighted homogeneous of
type (w1, · · · , wn; d1, · · · , dn−1), then the Milnor number satisfies
µ(X, 0) =
d1 · · · dn−1 (d1 + · · ·+ dn−1 − w1 − · · · −wn)
w1 · · ·wn
+ 1.
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Moreover, if (X, 0) is irreducible, then d1···dn−1
w1···wn
= 1, thus the above equality
is given by
µ(X, 0) = d1 + · · ·+ dn−1 − w1 − · · · − wn + 1.
Wahl [8] shows how to compute the generators of ΘX,0 when (X, 0)
is a weighted homogeneous ICIS. In particular, if we suppose (X, 0) =
h−1(0) a curve, where h = (h1, · · · , hn−1), then ΘX,0 is generated by vec-
tor fields hi
∂
∂xj
with i = 1, · · · , n − 1 and j = 1, · · · , n, the Euler field
ǫ = (w1x1, · · · , wnxn) and H = (ξ1, · · · , ξn), where
H =
∣∣∣∣∣∣∣∣∣∣
∂
∂x1
· · · ∂
∂xn
∂h1
∂x1
· · · ∂h1
∂xn
...
. . .
...
∂hn−1
∂x1
· · · ∂hn−1
∂xn
∣∣∣∣∣∣∣∣∣∣
= (−1)1+1
∣∣∣∣∣∣∣∣
∂ĥ1
∂x1
∂h1
∂x2
· · · ∂h1
∂xn
...
...
. . .
...
∂hn−1
∂x1
∂hn−1
∂x2
· · · ∂hn−1
∂xn
∣∣∣∣∣∣∣∣
∂
∂x1
+ · · ·
+ (−1)n+1
∣∣∣∣∣∣∣∣
∂h1
∂x1
· · · ∂h1
∂xn−1
∂ĥ1
∂xn
...
. . .
...
...
∂hn−1
∂x1
· · · ∂hn−1
∂xn−1
∂hn−1
∂xn
∣∣∣∣∣∣∣∣
∂
∂xn
= ξ1
∂
∂x1
+ · · ·+ ξn
∂
∂xn
,
we use ̂ to indicate that we should exclude this column.
Let J1, J2 ∈ OX,0 be defined as
Ji =
∣∣∣∣∣∣∣∣∣∣
∂h1
∂x1
· · · ∂h1
∂xn
...
. . .
...
∂hn−1
∂x1
· · · ∂hn−1
∂xn
∂fi
∂x1
· · · ∂fi
∂xn
∣∣∣∣∣∣∣∣∣∣
= (−1)n−1
(
∂fi
∂x1
ξ1 + · · ·+
∂fi
∂xn
ξn
)
,
with i = 1, 2.
We have the matrix
df =
(
∂f1
∂x1
· · · ∂f1
∂xn
∂f2
∂x1
· · · ∂f2
∂xn
)
.
Thus, tf(ΘX,0) is generated by vector fields(
∂f1
∂x1
h1,
∂f2
∂x1
h1
)
, · · · ,
(
∂f1
∂xn
h1,
∂f2
∂xn
h1
)
, · · · ,
(
∂f1
∂x1
hn−1,
∂f2
∂x1
hn−1
)
, · · · ,
(
∂f1
∂xn
hn−1,
∂f2
∂xn
hn−1
)
,
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df ◦ ǫ =
(
w1x1
∂f1
∂x1
+ · · ·+ wnxn
∂f1
∂xn
, w1x1
∂f2
∂x1
+ · · · + wnxn
∂f2
∂xn
)
= (l1β1f1, l2β2f2)
and
df ◦ H =
(
ξ1
∂f1
∂x1
+ · · ·+ ξn
∂f1
∂xn
, ξ1
∂f2
∂x1
+ · · ·+ ξn
∂f2
∂xn
)
= (−1)n+1 (J1, J2) .
4. Maps between curves
Let (X, 0) ⊂ (Cn, 0) be an irreducible curve ICIS, weighted homogeneous
of type (w1, · · · , wn; d1, · · · , dn−1). Apart from the case that (X, 0) is smooth
(which is a trivial case), it follows that (X, 0) can be parametrized by a
monomial map α : (C, 0)→ (Cn, 0) of the form
α(t) = (α1t
w1 , · · · , αnt
wn), (α1, · · · , αn) ∈ C
n \ {0}.
The local ring of (X, 0) is OX,0 = C{t
w1 , · · · , twn}, which is a subring of
O1. We denote by ΓX the associated semigroup. Since (X, 0) is irreducible,
ΓX has a conductor c, which satisfies that c − 1 /∈ ΓX and if n ∈ N, with
n ≥ c, then n ∈ ΓX . We have that ΓX is symmetric, because (X, 0) is an
ICIS, thus #N \ ΓX = c/2.
The main invariant of (X, 0) is the delta invariant, which is in this case
δX = dimC
C {t}
C {tw1 , · · · , twn}
= #N \ ΓX .
Since (X, 0) is irreducible, the Milnor number µ(X, 0), which to simplify the
notation we will denote by µX , is µX = 2δX = c, by Milnor’s formula. For
more details, see for instance [2].
Let f : (X, 0) → (C2, 0) be a finite map germ of degree 1 onto its image
(Y, 0) and f is consistent with (X, 0). We denote by l1, l2 the weighted
degrees of f1, f2, respectively. Then, (Y, 0) is also a weighted homogeneous
irreducible plane curve with weights (l1, l2) and it admits a parametrization
of the form
f(α(t)) = (β1t
l1 , β2t
l2), β1, β2 ∈ C \ {0}.
We have OY,0 = C{t
l1 , tl2} ⊂ OX,0, ΓY = 〈l1, l2〉 ⊂ ΓX and δY = (l1−1)(l2−
1)/2. Finally, we assume that (Y, 0) has defining equation g(u, v) = 0, where
g ∈ C{u, v} is weighted homogeneous. Thus, g(u, v) = βl12 u
l2 − βl21 v
l1 is
weighted homogeneous of type (l1, l2; l1l2).
We consider f = i◦ f¯ , where f¯ : (X, 0)→ (Y, 0) is the restriction of f and
i : (Y, 0)→ (C2, 0) is the inclusion map. We have,
JgOX,0 =
{
a
(
∂g
∂u
◦ f
)
+ b
(
∂g
∂v
◦ f
)
; a, b ∈ OX,0
}
,
and
JgOY,0 =
{(
a ◦ f¯
) ((
∂g
∂u
◦ i
)
◦ f¯
)
+
(
b ◦ f¯
) ((
∂g
∂v
◦ i
)
◦ f¯
)
; a, b ∈ OY,0
}
,
where Jg be the Jacobian ideal of g, thus JgOY,0 ⊂ JgOX,0.
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We consider the evaluation map
ev :
Θ(f)
tf(ΘX,0) + wf(Θ2)
−→
JgOX,0
JgOY,0
given by ev([ξ]) = [ξ(g)].
Lemma 4.1. The evaluation map is well-defined and surjective, hence
Ae- codim(f) = dimC ker(ev) + dimC
JgOX,0
JgOY,0
.
Proof. Let us see that ev is well-defined. If ξ ∈ tf(ΘX,0), then ξ = tf(η),
for some η ∈ ΘX,0, hence η(l) = 0 in OX,0, for all l ∈ I(X, 0). Since
g ◦ f˜ = λ1h1 + · · · λn−1hn−1, with λi ∈ On, i = 1, · · · , n, we have
ξ(g) = tf(η)(g) = (df ◦ η)(g) = η(g ◦ f˜) = η(λ1h1 + · · ·λn−1hn−1) = 0.
If ξ ∈ ωf(Θ2), then ξ = ζ ◦ f , for some ζ ∈ Θ2. Write ζ = a˜
∂
∂u
+ b˜ ∂
∂v
,
with a˜, b˜ ∈ O2. Thus,
ξ = ζ ◦ f = (a˜ ◦ f)
∂
∂u
+
(
b˜ ◦ f
) ∂
∂v
.
Then,
ξ(g) = (a˜ ◦ f)
∂g
∂u
◦ f +
(
b˜ ◦ f
) ∂g
∂v
◦ f
=
(
(a˜ ◦ i) ◦ f¯
)((∂g
∂u
◦ i
)
◦ f¯
)
+
((
b˜ ◦ i
)
◦ f¯
)((∂g
∂v
◦ i
)
◦ f¯
)
,
with a˜ ◦ i, b˜ ◦ i ∈ OY,0. Hence, ξ(g) ∈ JgOY,0.
If ξ = a ∂
∂u
+ b ∂
∂v
, with a, b ∈ OX,0, then ξ(g) = a
∂g
∂u
◦ f + b∂g
∂v
◦ f , hence
ev is surjective. 
The evaluation map is not injective in general, so we need to know its
kernel in order to compute the Ae-codimension of f . To this we need the
following result.
Lemma 4.2. With the above notation, we have
∂g
∂u
◦ f = CλfJ2 and
∂g
∂v
◦ f = −CλfJ1,
when λf = t
µY −µX ∈ OX,0.
Proof. By definitions, we obtain
∂g
∂u
◦ f = l2β
l1
2 β
l2−1
1 t
l1(l2−1) and
∂g
∂v
◦ f = −l1β
l2
1 β
l1−1
2 t
l2(l1−1).
We also have
Jj =
∣∣∣∣∣∣∣∣∣∣
td1−w1 ∂h1
∂x1
(α1, · · · , αn) · · · t
d1−wn ∂h1
∂xn
(α1, · · · , αn)
...
. . .
...
tdn−1−w1 ∂hn−1
∂x1
(α1, · · · , αn) · · · t
dn−1−wn ∂hn−1
∂xn
(α1, · · · , αn)
tlj−w1
∂fj
∂x1
(α1, · · · , αn) · · · t
lj−wn ∂fj
∂xn
(α1, · · · , αn)
∣∣∣∣∣∣∣∣∣∣
.
We denote ∂hi
∂xk
(α1, · · · , αn) = γi,k with i = 1, · · · , n − 1, k = 1, · · · , n and
∂fj
∂xk
(α1, · · · , αn) = ζj,k with j = 1, 2 and k = 1, · · · , n.
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Furthermore, since h1, · · · , hn−1, f1, f2 are weighted homogeneous with
weights w1, · · · , wn, they satisfies:
dihi = w1x1
∂hi
∂x1
+ · · ·+ wnxn
∂hi
∂xn
,
ljfj = w1x1
∂fj
∂x1
+ · · · +wnxn
∂fj
∂xn
,
with i = 1, · · · , n− 1 and j = 1, 2. Thus,
w1α1t
w1tdi−w1γi,1 + · · ·+ wnαnt
wntdi−wnγi,n = 0,
w1α1t
w1tlj−w1ζj,1 + · · ·+ wnαnt
wntlj−wnζj,n = ljβjt
lj ,
with i = 1, · · · , n− 1 and j = 1, 2.
Rewriting in matrix form
td1−w1γ1,1 · · · t
d1−wnγ1,n
...
. . .
...
tdn−1−w1γn−1,1 · · · t
dn−1−wnγn−1,n
tlj−w1ζj,1 · · · t
lj−wnζj,n

 w1α1t
w1
...
wnαnt
wn
 =

0
...
0
ljβjt
lj
 .
By Cramer’s Rule,
w1α1t
w1Jj =
∣∣∣∣∣∣∣∣∣
0 td1−w2γ1,2 · · · t
d1−wnγ1,n
...
...
. . .
...
0 tdn−1−w2γn−1,2 · · · t
dn−1−wnγn−1,n
ljβjt
lj tlj−w2ζj,2 · · · t
lj−wnζj,n
∣∣∣∣∣∣∣∣∣ .
Thus,
Jj = (−1)
1+n ljβj
w1α1
tlj−w1
∣∣∣∣∣∣∣
td1−w2γ1,2 · · · t
d1−wnγ1,n
...
. . .
...
tdn−1−w2γn−1,2 · · · t
dn−1−wnγn−1,n
∣∣∣∣∣∣∣
= ljβjt
lj−w1+d1+···+dn−1−w2−···−wnA,
with A 6= 0.
We obtain,
J1 = l1β1At
l1+µX−1 and J2 = l2β2At
l2+µX−1
Therefore,
∂g
∂u
◦ f = l2β
l1
2 β
l2−1
1 t
l1(l2−1) =
βl1−12 β
l2−1
1
A
tµY −µX l2β2At
l2+µX−1
= CλfJ2
and
∂g
∂v
◦ f = −l1β
l2
1 β
l1−1
2 t
l2(l1−1) = −
βl2−11 β
l1−1
2
A
tµY −µX l1β1At
l1+µX−1
= −CλfJ1.

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Lemma 4.3. We consider the map
e˜v :
Θ(f)
tf(ΘX,0)
−→ JgOX,0,
given by e˜v([ξ]) = ξ(g). Then, ker(ev) ∼= ker(e˜v).
Proof. We observe that the map e˜v is well-defined and it is surjective.
We define the morphism ker(ev) → ker(e˜v) given by [ξ] 7→ [ξ], where the
classes have to be considered in the respective quotients.
We claim that if [ξ] ∈ ker(ev), there exists representative ξ such that
ξ(g) = a
∂g
∂u
◦ f + b
∂g
∂v
◦ f = 0.
In fact, if [ξ] ∈ ker(ev), we choose a representative ξ = a ∂
∂u
+b ∂
∂v
, a, b ∈ OX,0,
thus ξ(g) = a ∂g
∂u
◦ f + b∂g
∂v
◦ f . On the other hand, since [ξ] ∈ ker(ev), we
have ξ(g) ∈ JgOY,0, so,
ξ(g) =
(
a˜ ◦ i ◦ f¯
)((∂g
∂u
◦ i
)
◦ f¯
)
+
(
b˜ ◦ i ◦ f¯
)((∂g
∂v
◦ i
)
◦ f¯
)
,
with a˜ ◦ i, b˜ ◦ i ∈ OY,0. Therefore,(
a− a˜ ◦ i ◦ f¯
)(∂g
∂u
◦ f
)
+
(
b− b˜ ◦ i ◦ f¯
)(∂g
∂v
◦ f
)
= 0.
We define a¯ = a− a˜ ◦ i ◦ f¯ , b¯ = b− b˜ ◦ i ◦ f¯ and ξ¯ = a¯ ∂
∂u
+ b¯ ∂
∂v
, thus
ξ − ξ¯ = a
∂
∂u
+ b
∂
∂v
−
(
a¯
∂
∂u
+ b¯
∂
∂v
)
=
(
a˜ ◦ i ◦ f¯
) ∂
∂u
+
(
b˜ ◦ i ◦ f¯
) ∂
∂v
= (a˜ ◦ f)
∂
∂u
+
(
b˜ ◦ f
) ∂
∂v
= ζ˜ ◦ f,
where ζ˜ = a˜ ∂
∂u
+ b˜ ∂
∂v
, with a˜, b˜ ∈ O2. Thus, ξ − ξ¯ ∈ wf(Θ2), i.e., [ξ] = [ξ¯]
with ξ¯(g) = 0. This prove the claim.
Now, we will show that the morphism is well-defined. In fact, let [ξ] =
[ξ˜] ∈ ker(ev), i.e., ξ + TAef = ξ˜ + TAef , then ξ − ξ˜ ∈ TAef , with ξ(g) =
ξ˜(g) = 0. We will show that ξ − ξ˜ ∈ tf(ΘX).
Since ξ − ξ˜ ∈ TAef , then ξ − ξ˜ = df ◦ η + ρ ◦ f , η ∈ ΘX , ρ ∈ Θ2, with
0 = ξ(g)− ξ˜(g) = df ◦η(g)+ρ◦f(g), moreover df ◦η(g) = 0, thus ρ◦f(g) = 0.
We have ρ = (a, b), with a, b ∈ O2, then, ρ ◦ f = (a ◦ f, b ◦ f) such that
(a ◦ f) ∂g
∂u
◦ f + (b ◦ f)∂g
∂v
◦ f = 0. Thus,(
a
∂g
∂u
+ b
∂g
∂v
)
◦ f = 0, in OY
i.e.,
a
∂g
∂u
+ b
∂g
∂v
= κg, κ ∈ O2.
Since g is weighted homogeneous,
l1l2g = l1u
∂g
∂u
+ l2v
∂g
∂v
,
so,
l1l2
(
a
∂g
∂u
+ b
∂g
∂v
)
= l1l2κg = κ
(
l1u
∂g
∂u
+ l2v
∂g
∂v
)
,
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(l1l2a− κl1u)
∂g
∂u
+ (l1l2b− κl2v)
∂g
∂v
= 0,
then
l1l2a− κl1u = −
∂g
∂v
and l1l2b− κl2v =
∂g
∂u
.
Therefore,
(l1l2(a◦f)−(κ◦f)l1β1f1) = −
∂g
∂v
◦f and (l1l2(b◦f)−(κ◦f)l2β2f2) =
∂g
∂u
◦f
Thus,
l1l2(ρ ◦ f) = (l1l2(a ◦ f), l1l2(b ◦ f))
= (κ ◦ f)(l1β1f1, l2β2f2) +
(
−
∂g
∂v
◦ f,
∂g
∂u
◦ f
)
.
We have
(κ ◦ f)(l1β1f1, l2β2f2) ∈ tf(ΘX),
we will show that (
−
∂g
∂v
◦ f,
∂g
∂u
◦ f
)
∈ tf(ΘX).
Since ∂g
∂u
◦ f = CλfJ2 and
∂g
∂v
◦ f = −CλfJ1, then(
−
∂g
∂v
◦ f,
∂g
∂u
◦ f
)
= Cλf (J1, J2) ∈ tf(ΘX).
Therefore, ρ ◦ f ∈ tf(ΘX) and, consequently,
ξ − ξ˜ = df ◦ η + ρ ◦ f ∈ tf(ΘX).
Since tf(ΘX) ⊆ tf(ΘX)+ωf(Θ2), the map is injective and it is surjective.

By using the coordinates in source and target, we can identify Θ(f) with
O2X,0 = OX,0⊕OX,0. The module ΘX,0 can be seen as a submodule of O
n
X,0.
With these identifications, the morphism tf : ΘX,0 → Θ(f) is the restriction
of the map tf : OnX,0 → O
2
X,0, whose matrix in the canonical basis is the
Jacobian matrix of f .
The following result describes the elements of ker(e˜v).
Lemma 4.4. Let k = l2 − l1. Then,
ker(e˜v) ∼=
C
{
(l1β1t
r, l2β2t
r+k) : (tr, tr+k) ∈ O2X,0, r ∈ N
}
〈(l1β1tl1 , l2β2tl1+k), (l1β1Atl1+µX−1, l2β2Atl1+µX−1+k)〉
.
Proof. For each (a, b) ∈ O2X,0, we have:
e˜v([(a, b)]) = a
∂g
∂u
◦ f + b
∂g
∂v
◦ f = al2β
l1
2 β
l2−1
1 t
l1l2−l1 − bl1β
l2
1 β
l1−1
2 t
l1l2−l2 .
Then, [(a, b)] ∈ ker(e˜v) if and only if (a, b) = c(l1β1t
s1 , l2β2t
s2) such that
l1l2 − l1 + s1 = l1l2 − l2 + s2, for some c ∈ OX,0. It follows that ker(e˜v) is
generated by monomial pairs of the form (l1β1t
r, l2β2t
r+k), for some r ∈ N
such that (tr, tr+k) ∈ O2X,0.
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We remember that tf(ΘX) is generated on OX,0 by vectors fields(
∂f1
∂x1
h1,
∂f2
∂x1
h1
)
, · · · ,
(
∂f1
∂xn
h1,
∂f2
∂xn
h1
)
, · · · ,
(
∂f1
∂x1
hn−1,
∂f2
∂x1
hn−1
)
, · · · ,
(
∂f1
∂xn
hn−1,
∂f2
∂xn
hn−1
)
,
df ◦ ǫ = (l1β1f1, l2β2f2) and df ◦ H = (−1)
n+1(J1, J2).
Since OX,0 = C{t
w1 , · · · , twn} and OY,0 = C{t
l1 , tl2} ⊂ OX,0, we have
(l1β1f1, l2β2f2) = (l1β1t
l1 , l2β2t
l1+k).
We remember that
J1 = l1β1At
l1+µX−1 and J2 = l2β2At
l2+µX−1
Thus,
df ◦ H = (−1)n+1(l1β1At
l1+µX−1, l2β2At
l1+µX−1+k).

Theorem 4.5. We denote by s the number of elements of the form (tr, tr+k)
in O2X,0 such that 0 ≤ r < µX . Then,
dimC ker(ev) = l1 − δX + s− 1
and
dimC
OX,0
〈J1, J2〉
= l1 + δX + s− 1
Proof. By Lemma 4.3 and Lemma 4.4,
ker(ev) ∼=
C
{
(l1β1t
r, l2β2t
r+k) : (tr, tr+k) ∈ O2X,0, r ∈ N
}
〈(l1β1tl1 , l2β2tl1+k), (l1β1Atl1+µX−1, l2β2Atl1+µX−1+k)〉
.
We consider the set Γ = {l1 + i : i ∈ ΓX} ∪ {l1 + µX − 1} which is a
subset of ΓX . We denoted by ΓX ⊕ ΓX the associated semigroup to O
2
X,0 e
we take the sets:
Γk = {(r, r + k) ∈ ΓX ⊕ ΓX} and ΓΘ = {(l, l + k) : l ∈ Γ} ⊂ Γk
We can identify the elements of ker(ev) with the elements of Γk \ ΓΘ.
Therefore, we compute the number of elements in Γk \ ΓΘ.
We observe that Γk is equal to
{(r, r + k) : 0 ≤ r < µX}︸ ︷︷ ︸
s elements
∪{(µX , µX + k), (µX + 1, µX + 1 + k), · · · }︸ ︷︷ ︸
all elements
and ΓΘ is
δX elements︷ ︸︸ ︷
{(l1 + p, l1 + p+ k) : 0 ≤ p < µX , p ∈ ΓX}
∪ {(l1 + µX − 1, l1 + µX − 1 + k), (l1 + µX , l1 + µX + k), · · · }︸ ︷︷ ︸
all elements
.
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Then, we describe Γk \ ΓΘ as
s elements︷ ︸︸ ︷
{(r, r + k) : 0 ≤ r < µX}∪
l1−1 elements︷ ︸︸ ︷
{(µX , µX + k), · · · , (l1 + µX − 2, l1 + µX − 2 + k)}
\ {(l1 + p, l1 + p+ k) : 0 ≤ p < µX , p ∈ ΓX}︸ ︷︷ ︸
δX elements
Therefore,
dimC ker(ev) = s+ l1 − 1− δX = l1 − δX + s− 1.
Now, we compute the dimension of OX/〈J1, J2〉. We consider the sets
ΓJ1 = {l1 + µX − 1 + i : i ∈ ΓX}
and
ΓJ2 = {l1 + µX − 1 + k + j : j ∈ ΓX}
which are subset of ΓX . We can identify the elements of OX/〈J1, J2〉 with
the elements of ΓX \ (ΓJ1 ∪ ΓJ2). Therefore, we compute the number of
elements in ΓX \ (ΓJ1 ∪ ΓJ2).
We observe that there exists common elements in ΓJ1 and ΓJ2 , we need to
know the elements. We have that all the elements after l1+µX −1+k+µX
are common elements in ΓJ1 and ΓJ2 . Then, we consider the subsets
A = {l1 + µX − 1 + i : 0 ≤ i ≤ µX + k, i ∈ ΓX}
and
B = {l1 + µX − 1 + k + j : 0 ≤ j < µX , j ∈ ΓX} .
Given r and r + k in ΓX such that 0 ≤ r < µX , the elements common in A
and B are the elements of form:
l1 + µX − 1 + (r + k) = l1 + µX − 1 + k + r.
Since s is the number of elements r ∈ ΓX , 0 ≤ r < µX , such that r + k ∈
ΓX , then A ∩ B contained s common elements. We have that A contained
δX + k + 1 elements and B contained δX elements, thus A ∪ B contained
µX + k + 1− s elements.
Thus, ΓX \ (ΓJ1 ∪ ΓJ2) is equivalent to
δX elements︷ ︸︸ ︷
{j ∈ ΓX ; 0 ≤ j < µX}∪
l1+µX+k elements︷ ︸︸ ︷
{µX , · · · , l1 + µX + µX + k − 1}
\ {l1 + µX − 1 + i : 0 ≤ i ≤ µX} ∪ {l1 + µX − 1 + k + j : 0 ≤ j < µX}︸ ︷︷ ︸
µX+k+1−s elements
.
Therefore,
dimC
OX,0
〈J1, J2〉
= δX + l1 + µX + k − (µX + k + 1− s) = l1 + δX + s− 1.

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Corollary 4.6. Let (X, 0) ⊂ (Cn, 0) be an irreducible curve ICIS, weighted
homogeneous and let f : (X, 0) → (C2, 0) be a finite map germ of degree 1
onto its image (Y, 0) and f is consistent with (X, 0). Then,
Ae- codim(f) = dimC
OX,0
〈J1, J2〉
− µX + dimC
JgOX,0
JgOY,0
.
Proof. By Lemma 4.1,
Ae- codim(f) = dimC ker(ev) + dimC
JgOX,0
JgOY,0
.
By Theorem 4.5,
dimC
OX,0
〈J1, J2〉
− dimC ker(ev) = l1 + δX + s− 1− (l1 − δX + s− 1) = µX .
Therefore,
Ae- codim(f) = dimC
OX,0
〈J1, J2〉
− µX + dimC
JgOX,0
JgOY,0
.

5. The image Milnor number
The first and second authors in [1], define the image Milnor number µI(f)
of f : (X, 0) → (C2, 0), where (X, 0) is a plane curve and f is A -finite. In
this work, naturally, we generalize the concept of the image Milnor number
to the case that (X, 0) is a space curve ICIS. We consider (X, 0) ⊂ (Cn, 0)
a curve ICIS and f : (X, 0)→ (C2, 0) be a finite map germ of degree 1 onto
its image (Y, 0). We suppose f has finite singularity type, it follows from
Theorem 2.1 that f always admits a stabilisation F : (X , 0) → (C × C2, 0),
given by F (s, x) = (s, fs(x)). This means that fs : Xs → Bǫ is stable, for all
s 6= 0 small enough, where Bǫ is a small enough ball centered at the origin
in C2. Thus the image Ys = fs(Xs) has the homotopy type of a wedge of
1-spheres.
Definition 5.1. The image Milnor number µI(f) is the number of 1-spheres
in Ys.
Analogous to case where (X, 0) is a plane curve [1], µI(f) is well-defined,
that is, it is independent of the stabilisation and of the representative. The
image Milnor number satisfies the equality.
µI(f) =
µ(Y, 0) + µ(X, 0)
2
.
For the next results, we use the definition of the delta invariant of f , δ(f),
which was introduced in [7] for maps of degree 1 between curves.
Definition 5.2 ([7]). Let f : (X, 0) → (Y, 0) be a holomorphic map of
degree 1 between curves (X, 0) and (Y, 0). The delta invariant of f is
δ(f) = dimC
OX,0
f∗OY,0
.
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This number also satisfies δ(Y, 0) = δ(X, 0) + δ(f) when (X, 0) and (Y, 0)
are irreducible curves. Therefore, when (X, 0) and (Y, 0) are irreducible
curves µ(Y, 0) − µ(X, 0) = 2δ(f) (see [7]), thus
µI(f) = µ(Y, 0)− δ(f) = µ(X, 0) + δ(f).
Now we consider again, (X, 0) ⊂ (Cn, 0) an irreducible curve ICIS and
weighted homogeneous of type (w1, · · · , wn; d1, · · · , dn−1), and f : (X, 0)→
(C2, 0) a finite map germ of degree 1 onto its image (Y, 0), such that f is
consistent with (X, 0).
We take C the ideal generated by λf in OX,0. Then we have the following
result.
Proposition 5.3. Let (X, 0) ⊂ (Cn, 0) be an irreducible curve ICIS and
weighted homogeneous of type (w1, · · · , wn; d1, · · · , dn−1) and let f : (X, 0)→
(C2, 0) be a finite map germ of degree 1 onto its image (Y, 0) and consistent
with (X, 0). Then,
dimC
OX,0
C
= 2δ(f) and dimC
OY,0
C
= δ(f).
Furthermore, we have that
OX,0
〈J1,J2〉
is isomorphic to C
JgOX,0
.
Proof. By Lemma 4.2,
λf = t
µY −µX = t2δ(f).
Therefore, the weighted degree of λf with the weights w1, · · · , wn is 2δ(f).
Denoted by (h1, · · · , hn−1) : (C
n, 0) → (Cn−1, 0) the map that generates
(X, 0), by Bezout theorem, we obtain
dimC
OX,0
C
= dimC
OX,0
〈λf 〉
= dimC
O2
〈h1, · · · , hn−1, λf 〉
=
d1 · · · dn−12δ(f)
w1 · · ·wn
= 2δ(f).
Therefore,
dimC
OX,0
C
= 2δ(f).
To obtain the second equality, we first show that C ⊂ OY,0. We recall
that C is the ideal generated by λf = t
2δ(f) in OX,0. Then, we need to show
that σt2δ(f) ∈ OY,0, for all σ ∈ OX,0. To see this, we consider the numerical
semigroups ΓX and ΓY associated the curves (X, 0) and (Y, 0) respectively.
We recall that ΓX and ΓY are symmetric.
We show that if 2δ(f) ∈ ΓY , then t
2δ(f) ∈ OY,0. In fact, since ΓY is
symmetric we have 2δ(f) ∈ ΓY or µY − 1 − 2δ(f) ∈ ΓY . We suppose
µY − 1− 2δ(f) ∈ ΓY , then
µY − 1− 2δ(f) = µY − 1− µY + µX = µX − 1 ∈ ΓY ⊂ ΓX .
But µX−1 /∈ ΓX , because µX is the conductor of ΓX . Therefore, 2δ(f) ∈ ΓY ,
thus t2δ(f) ∈ OY,0.
Now, let σ = ta ∈ OX,0 with a ∈ ΓX , then 2δ(f) + a ∈ ΓY . In fact, we
have 2δ(f)+a ∈ ΓY or µY −1−(2δ(f)+a) ∈ ΓY . If µY −1−(2δ(f)+a) ∈ ΓY ,
then
µY − 1− µY + µX − a = µX − 1− a ∈ ΓY ⊂ ΓX .
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Since ΓX is symmetric, we have a /∈ ΓX , but σ = t
a ∈ OX,0. Thus, µY − 1−
(2δ(f) + a) /∈ ΓY and consequently 2δ(f) + a ∈ ΓY . Therefore, C ⊂ OY,0.
We obtain,
dimC
OY,0
C
= dimC
OX,0
C
− dimC
OX,0
f∗OY,0
= 2δ(f)− δ(f) = δ(f).
To complete the proof, we observe that multiplication by λf gives an
isomorphism φ : OX,0 → C. Moreover, φ(〈J1, J2〉) = JgOX,0 and hence, it
induces an isomorphism
OX,0
〈J1, J2〉
−→
C
JgOX,0
.

Theorem 5.4. Let (X, 0) ⊂ (Cn, 0) be an irreducible weighted homogeneous
curve ICIS and let f : (X, 0)→ (C2, 0) be a finite map germ of degree 1 onto
its image (Y, 0) and consistent with (X, 0). Then,
Ae- codim(X, f) = µI(f).
Moreover, let α : (C, 0)→ (X, 0) be a parametrisation of (X, 0). Then,
µI(f) = δ(X, 0) + µI(f ◦ α)
and
Ae- codim(f) = Ae- codim(f ◦ α)−
1
n− 1
Ae- codim(α)
Proof. By Corollary 4.6 and by Proposition 5.3, we obtain
Ae- codim(f) = dimC
OX,0
〈J1, J2〉
− µX + dimC
JgOX,0
JgOY,0
= dim
C
JgOX,0
− µX + dimC
JgOX,0
JgOY,0
.
We have the exact sequence,
0 −→
JgOX,0
JgOY,0
−→
C
JgOY,0
−→
C
JgOX,0
−→ 0,
thus, by the exact sequence and by Proposition 5.3,
Ae- codim(f) = dimC
C
JgOY,0
− µX
= dimC
OY,0
JgOY,0
− dimC
OY,0
C
− µX
= µY − δ(f)− µX = δ(f).
Since (X, 0) is weighted homogeneous, we have µX = τ(X, 0), hence
Ae- codim(X, f) = Ae- codim(f) + µX = δ(f) + µX = µI(f).
To prove the second part, we observe that f ◦ α : (C, 0) → (Y, 0) is a
parametrisation of (Y, 0) ⊂ (C2, 0), then by [4],
Ae- codim(f ◦ α) = µI(f ◦ α) = δ(Y, 0).
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By [7], δ(Y, 0) = δ(X, 0) + δ(f), and by definition of image Milnor number,
we obtain
µI(f) = µ(X, 0) + δ(f) = µ(X, 0) + δ(Y, 0) − δ(X, 0)
= δ(X, 0) + δ(Y, 0) = δ(X, 0) + µI(f ◦ α).
We also have,
Ae- codim(f) = δ(f) = δ(Y, 0) − δ(X, 0)
= Ae- codim(f ◦ α)− δ(X, 0).
It follows from [3] that Ae- codim(α) = (n− 1)δ(X, 0), thus
Ae- codim(f) = Ae- codim(f ◦ α)−
1
n− 1
Ae- codim(α).

We observe that, in particular, if (X, 0) is a plane curve, by [4], µI(α) =
δ(X, 0) and we obtain
µI(f) = µI(α) + µI(f ◦ α).
Example 5.5. We consider (X, 0) a weighted homogeneous curve defined by
h(x, y) = x2−y3 and f : (X, 0)→ (C2, 0) a map defined by f(x, y) = (x, y2).
Then, (Y, 0) is weighted homogeneous plane curve defined by g(u, v) = u4−
v3.
We have, µ(X, 0) = 2, µ(Y, 0) = 6, then
µI(f) = (µ(Y, 0) + µ(X, 0))/2 = (6 + 2)/2 = 4.
By [5],
Ae- codim(X, f) = dimC
Θ(γ)
tγ(Θ2) + γ∗(DerlogD(G))
,
where G : C3 → C4 defined by G(x, y, s) = (x, y2, x2−y3+sy, s) is a stability
of map (h, f¯ ) : C2 → C3, given by (h, f¯)(x, y) = (x2 − y3, x, y2). We ob-
serve that, D(G) = Im(G), because G is no surjective, then DerlogD(G) =
Derlog Im(G). Hence, to compute Ae- codim(X, f), we find H : C
4 → C
such that Im(G) = H−1(0). We do this using the Singular software,
H(z, u, v, w) = z2 − v3 − 2u2z + 2v2w − vw2 + u4.
We use the map H to compute Derlog Im(G) and then we can calculate
dimC
Θ(γ)
tγ(Θ2) + γ∗(Derlog Im(G))
.
Therefore,
Ae- codim(X, f) = dimC
Θ(γ)
tγ(Θ2) + γ∗(Derlog Im(G))
= 4 = µI(f).
and
Ae- codim(f) = Ae- codim(X, f)− µ(X, 0) = 4− 2 = 2 = δ(f).
Now, we consider α : (C, 0) → (X, 0), given by α(t) = (t3, t2), the
parametrisation of (X, 0). Then, Ae- codim(α) = µI(α) = δ(X, 0) = 1
and Ae- codim(f ◦ α) = µI(f ◦ α) = δ(Y, 0) = 3. Therefore,
µI(f) = µI(α) + µI(f ◦ α).
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and
Ae- codim(f) = Ae- codim(f ◦ α)−Ae- codim(α).
Example 5.6. We consider (X, 0) ⊂ (C3, 0) a weighted homogeneous curve
defined by h(x, y, z) = (x3 − y2, xy − z) with parametrization α : (C, 0) →
(C3, 0) defined by α(t) = (t2, t3, t5) and f : (X, 0) → (C2, 0) a map defined
by f(x, y, z) = (x, y2z), thus f is consistent with (X, 0). Then, (Y, 0) is
a weighted homogeneous plane curve defined by g(u, v) = u11 − v2 with
parametrization β : (C, 0)→ (C2, 0) defined by β(t) = (t2, t11).
We use the Singular software to calculate the Milnor number, we have
µ(X, 0) = 2 and µ(Y, 0) = 10. Thus, µI(f) = (µ(Y, 0) + µ(X, 0))/2 =
(10 + 2)/2 = 6.
By [5],
Ae- codim(X, f) = dimC
Θ(γ)
tγ(Θ2) + γ∗(DerlogD(G))
,
where G : C4 → C5 defined by G(x, y, z, s) = (x3 − y2, xy − z, x, y2z+ sy, s)
is a stability of map (h, f¯ ) : C3 → C4, given by (h, f¯ )(x, y, z) = (x3−y2, xy−
z, x, y2z). As in example 5.5, we use the Singular software, thus,
Ae- codim(X, f) = dimC
Θ(γ)
tγ(Θ2) + γ∗(Derlog Im(G))
= 6 = µI(f).
Example 5.7. We consider (X, 0) ⊂ (C3, 0) a weighted homogeneous curve
defined by h(x, y, z) = (x5 − y2, xy − z) with parametrization α : (C, 0) →
(C3, 0) defined by α(t) = (t2, t5, t7) and f : (X, 0) → (C2, 0) a map defined
by f(x, y, z) = (x2, y + z). We observe that f is not consistent with (X, 0).
Then, (Y, 0) is a plane curve defined by g(u, v) = u7− 2u6+4u3v2+u5− v4
with parametrization β : (C, 0)→ (C2, 0) defined by β(t) = (t4, t5 + t7).
We use the Singular software to calculate the Milnor number and the
Tjurina number, we have µ(X, 0) = 4, τ(X, 0) = 4, µ(Y, 0) = 12 and
τ(Y, 0) = 11. Thus, (Y, 0) is not weighted homogeneous. We also have,
µI(f) = (µ(Y, 0) + µ(X, 0))/2 = (12 + 4)/2 = 8.
By [5],
Ae- codim(X, f) = dimC
Θ(γ)
tγ(Θ2) + γ∗(DerlogD(G))
,
where G : C4 → C5 defined by G(x, y, z, s) = (x5−y2+sx, xy−z, x2, y+z, s)
is a stability of map (h, f¯ ) : C3 → C4, given by (h, f¯ )(x, y, z) = (x5−y2, xy−
z, x2, y + z). As in example 5.5, we use the Singular software, thus,
Ae- codim(X, f) = dimC
Θ(γ)
tγ(Θ2) + γ∗(Derlog Im(G))
= 7.
Therefore,
Ae- codim(X, f) < µI(f).
We observe that the hypotheses f consistent with of (X, 0) is necessary to
obtain an equality.
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